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Matching markets

Taommsoon upwork
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 Talent cultivation (school admissions, student internships)
* Task allocation (crowdsourcing assignments, domestic services)
e Resource distribution (housing allocation, organ donation allocation)
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Policy consultation
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https://twitter.com/IslingtonBC/status/1623340900725272578
https://twitter.com/IslingtonBC/status/1623340900725272578

Matching market has two sides
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Both sides have preferences over the other side

A,
Worker side A,
Based on
payment or 43
prior familiarity
of the task Ay
As

"B, >B; >B, > B,
B, >B, >B; > B,
B, >B, >B, > B,
B, >B, >B; > B,

B, >B, >B; > B,
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Both sides have preferences over the other side

Ay > Ay > Az > Ay > A
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Employer side

Based on the
skill levels of
workers



Nobel Memorial Prize
in Economic Sciences
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Stable matching
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Al d Bl Alvin E. Roth Lloyd Shapley
Bl > BZ > B3 . r“r.w ‘1 AZ > A3 > Al
__—~ Blocking pair Participants have no |
incentive to abandon their
A, (S ﬁﬂﬂl B, current partner,
B,>B,>B; " (’T’T’\ Ay > A, > Ay l.e.,

no blocking pair such that
they both preferred to be
matched with each other
than their current partner




May be more than one stable matchings

1
A, b s o
B1 > B; > B; \  B1>B;>B; ()N 4, > 43> A
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A, | A, .a B,
B, > B; > B; \ B, >B; >B; COY8) AL > A, > Ag
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3 ! 3 — Jelele 3
B; > B, > B, ! By;>B;>B, (YN 4, >4,>4,

my = {(A1:B1)» (A2, By), (A3»B3)} m; = {(A1»Bz); (A2, By), (A3r33)}



A-side optimal stable matching!

Al ’ lm ﬂ Bl _ .
B, > B, > B, o 4,>4,>4, Each agent on A-side is matched

with the most preferred partner
among all stable matchings

my = {(AliBl)J (Az,Bz), (Ag,Bg)}




A-side pessimal stable matching

Al ’ lm ﬂ Bl _ .
B, > B, > B, o 4,>4,>4, Each agent on A-side is matched

with the least preferred partner
among all stable matchings

m, = {(44, B3), (43, B;), (43, B3)}




How to find a stable matching?

A,
B, > B, > B, Gale-Shapley (GS) algorithm
y Agents on one side independently
B, > B, >ng propose to agents on the other side
according to their preference
ranking until no rejection happens
A3
B, > B, > B,

No rejection happens!
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Gale-Shapley (GS) algorithm: Case 2

Step 2



GS properties: Stability

* The GS algorithm returns the stable matching

* Proof sketch m T EEE
\
* Suppose there exists blocking pair (A4;, Bj) such that \ gl
* A; prefers B; than its current partner m; ™ .) _"L"&"JAijm

* bj prefers A; than its current partner m;
* For A;, it first proposes to B;, but is rejected, then proposes to m;
* This means that B; must prefers m; than 4;
* Contradiction!
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GS properties: Time complexity

* Each B-side agent can reject each A-side agent at most once

* At least one rejection happens at each step before stop

* N = # {proposing-side agents}, K = # {acceptance-side agents}
* = GS will stop in at most NK steps

Li



GS properties: Optimality

* Who proposes matters

e Each proposing-side agent is happiest, matched with the most preferred partner
among all stable matchings

* Each acceptance-side agent is only matched with the least preferred partner
among all stable matchings

* A-side optimal stable matching = B-side pessimal stable matching

|
4 @R gfila . a8 gfila
T e B : 1N e B
B, > B, > B Ay > A3 >4, | B, > B, > B; Ay > A5 > Ay
|
A-side optimal ﬁ ! ﬁ B-side optimal
I i 4z @ég B, | 4z ﬁ&g B, ||IO
_ _ B, > By > B; Ay > Ay > A3 ! B, > By > B Ay > Ay > As _ _
B-side pessimal ! A-side pessimal
1
Aj IE@E B ! Aj IE@E B;
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But agents usually have unknown
preferences in practice
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mg%gn iterative interactions !
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Bandit learning in matching markets

* N players: N' = {p4, 02, ..., Pn }
* Karms: KX ={aq,a,, ..., ag}

e N < K to ensure players can be matched D,
* i j > 0: (unknown) preference of player p; towards arm q;

* For each player p; D2
* {1 j}je[x) forms its preference ranking ?

* For simplicity, the preference values of any player are distinct >
3

* For each round t: ?
* Player p; selects arm Ai(t) /Satisfaction over this matching experience

* If p; is accepted by A;(t): receive X; 4, () (t) with
IE[Xi,Ai(t) ()] = Hia;t)
* If p; is rejected: receive X; 4.+)(t) = 0

:| When would p; be rejected? ]
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Objective

* Minimize the stable regret

* The player-optimal stable matching
m = {(i,m;):i € [N]}
* The player- stable regret of player p; is

T
z Xia(t) (t)]
t=1

* Use the objective of the player-pessimal stable matching m

=Tujm, —E

* The player-pessimal stable regret Reg;(T)



Multi-armed bandits (MAB)

corresponds to

N=1 player setting
ANDIT

Time 1 2 3 4 5 6 7 8 9 10
Arm1 | $1 $0 $1 s1 S0
Arm 2 S1 SO

To accumulate as many rewards, which arm would you choose next?

Exploitation V.S. Exploration
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Upper confidence bound (UCB)

e With hlgh probability 2 1—-6 By Hoeffding’s inequality _ .
A logl/6 log1/o6 A
‘Ll] € H] — T ;H] + T l ° :_Ili_zzi:]ceaa:r:nean
/ Arm1  Arm 2
Sample mean Number of selections of q;

* Optimism: Believe arms have higher rewards encourage exploration
* The UCB value represents the reward estimates

* For each round t, select the arm

f

N\

A(t) € argmax e +

[ Without kno?A_]
* Regret O(Klog T/A)

\ N
Exploitation

Upper confidence bound (UCB) ]

\
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T;(t)
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Regret type Regret Bound Communication type References
KlogT
Player-optimal 0 08 Centralized, known A
A2
NKlogT
0 ( Agg ) Centralized
Player-pessimal
0 N°K?1log?T Decentralized, observed
pN*A2 matching outcomes
NKlogT
0 ( Agg ) Decentralized
Unique
NlogT
0 ( Aozg ) Centralized

Optimal stable
bandits
(Unique)

<Nlog T Klog T)

A2+A

Decentralized

Player-optimal

1 1/e
0 (KloglJ“’S T + Z(F) )

Decentralized

Decentralized, observed

0 (Kleng) matching outcomes
Decentralized
0 <N210gT + Klog T> Decentralized
A? A

o
P




Why UCB fails to achieve player-optimality?

* When p; lacks exploration on a;
with a; > a3 > a, on UCB, GS
outputs the matching?!

(P1, a2), (P2, a1), (p3, a3)

* p3 fails to observe a4

P1

a; > a, > as

"

P2

* UCB vectors do not help on
a, > a, > as

exploration here

* Not consistent with the principle
of optimism in face of uncertainty

a, > asz > a,



How to balance EE in a more appropriate way?

* Exploration-Exploitation trade-off
* Exploitation goes though with correct rankings by following GS
* Require enough exploration to estimate the correct rankings

* The UCB ranking does not guarantee enough exploration

* Perhaps desigh manually?
* To avoid other players’ block: Coordinate selections in a round-robin way



Explore-then-GS (ETGS) Li

* Avoid unnecessary exploitation before estimating preferences well
* Only when all players estimate well, enter GS + exploit

T rounds

\ S || J
| |
\ | | Round-robin explore: 2 Communicate: Ofl) GS +
| \ Y Y exploit
phase 1 phase 2 Phase length grows exponentially phase ¢

Communicate and
find that all players
estimate their

preferences well ,,



ETGS: Regret analysis Li

* Exploration is enough = Estimated ranking is correct = All players enter
the GS + exploit phase and find the player-optimal stable matching

* The player- regret comes from and

oS ()

* What is the optimal regret that an algorithm can achieve?



Lower bound

e Optimally stable bandits
* All arms have the same preferences
* = Unique stable matching exists
* The stable arm of each player is its optimal arm

* For any player p;

* Its stable arm is q;
* a; prefersp{,psy ... ... pi—1 than p;

A0

P1

a; > a, > a;

P2

a, > a; > as

p3

as >a; > a,

a;

B3

B
e}

.

ah

P1 > D2 > D3

ar

[Com
B0

P1 > D2 > D3

as

BO3

B
e}

P1 > D2 > D3

The minimum regret that p; may suffer at any round

* T; j: the number of times that p; selects q; /

Reg;(T) = max {Ai,i,j 2 Ty, Ai min
JE

z_, _Ti’,i}
1'<1

[ p; selects sub-optimal arm a; } { The optimal arm a; is occupied by a higher-priority player }




Lower bound (cont.)

* How many times does p; select a sub-optimal arm a; ?

* To distinguish the sub-optimal arm a; from the optimal arm a;
* p; needs to observe this arm
logT\
(| —— | times D1
AZ. .
i,
* K sub-optimal arms cause regret

log T Klog T D2
() (Zjii AZ ) Ai,i,j) = ( A ) a, >a; > as

I,i,J

a; > a, > a;

p3

as >a; > a,

P1 > P2 > D3



Lower bound (cont.)

* How many times does qa; is occupied by a higher-priority player p;/?

* To distinguish the sub-optimal arm a; from the optimal arm a;
* p;’ needs to observe this arm

logT\ .
) 2 times ny

ir,ir,i

a; > a, > a;

* N higher-priority players cause regret

logT Nlog T
Q 2 Aimin | = Q( > ) vz
i'<i A A a, > a; > ds

lll

* The stable regret satisfies D3
NlogT Klog T) > a, > a,

Regy(T) 2 0 (~—5—+—

P1 > P2 > D3



Sub-optimality of ETGS

* Needs to identify the full ranking among K arms

Until the full ranking

- 000 0o T 0-0-0--0

has been identified

Unlformly explore K arms Stop explore!

e But for the Gale-Shapley algorithm, what is the real complexity to find the
optimal stable matching?

* Whether it is necessary to determine the full ranking over K arms

28



Key observation of GS properties

Could the dependence
of K be improved as N?

* The optimal stable arm must be the first N-ranked

* The player moves to the next arm only if this arm is occupied by another player
* N players at most occupy N arms

Ok o: P> R ?2R72- ™
- ox 0B > B IBo B
. R

- Ok oN: R 7R ?2RB7 T

Qe B 7 B ?2R2- T

* The GS algorithm proceeds for at most N steps
* Those N arms can reject each of N players for at most once



Improvement: Adaptive ETGS L

* |dea: Instead of starting GS + exploitation with all players’ agreement, integrating each
player’s own learning process into GS steps

| Explore ]“ | Exploit | @) &

Depends on all players

Rejected by the exploited arm

-

]-

[ Explore * Exploit J[ Explore

Depends on player itself

* Players cooperatively explore arms in a round-robin manner

* Once a player identifies the most preferred one, starts exploiting this arm

| Exploit ]

* If the exploited arm is occupied by a higher-priority player (the arm “rejects” the player)
* Explore the next most preferred arm (enter the next step of GS)

30



Adaptive ETGS: Regret <L

* Arrangement of the exploration process

Instantly ellmmate K-N sub-optimal arms

Once an optimal arm

2 000 0=000 =23 00-0

has been identified

Unlformly eprore K arms Maintain N arms for Stop explore!
cooperative exploration
to avoid conflicts

N e o o e e = = e e e e e e e e - - ——

. The player-optimal stable regret of each player p; satisfies
N4logT KlogT
Regi(T) <0 v + n

* Each player explore N arms round-robin to determine next best arm (N in total)
31




Key Observation: Stable position is enough

* Lemma. When {m;: i} are ranked correct, GS will return m

———————————————————————————

__________________________

* No need to learn all top rankings. Only need to learn the stable boundary



Hypothesis test: Guess the stable boundary

1. Modify ETGS to adaptively test whether {mn;: i} exists w/ moderate prob.

* Run GSon {fi; .} to getm
* Check whether m is separated w.p.1l—p

« = P(m = m) > 1 — p and the exploration ends in O (K loAgzl/p) rounds

T rounds
\ J
v <
: " ) Round-robin explore: 2* Test: 0}(1)
Y Y ssss Y
phase 1 phase 2 Phase length grows exponentially phase ¢

33
Return m



Hypothesis test: Confirmation

2. BoostP(m=m)>1—ptoP(m=m)>1-6
* Run AdaptiveETGS-Explore on the m’s positions till m is separated and confirmed

NlogT KlogT)
A? + A

* |f m has the same rank, m = m, this causes O ( regret

., N~ : KlogT
* If M’s rank change, m # m, it results in 0 (p - Aozg ) regret

Instantly eI|m|nate K-N sub-optimal arms if UCB; , < LCB; s, w/ prob.1 -4

‘ O O O O ‘O O O once m; |sseparatedO >°> O :
| and hals same rank :

Umformly explore K arms Maintain N arms for
cooperative exploration

to avoid conflicts

N e o e = e e e e e e e e e e - - - ——



Hypothesis test: Exploitation

3. Exploitation
* When m is returned in Boost, exploit m; When m is not returned, ETGS

Klog1/p , NlogT . KlogT KlogT
* Regret= (
egret= 0 T2 T, 2

NlogT . KloglogT , KlogT
o — 0(
A? t A? t A

T T D




Regret type Regret Bound Communication type References
KlogT
Player-optimal 0 08 Centralized, known A
AZ
NKlogT
0 ( Agg ) Centralized
Player-pessimal
0 N°K?log?T Decentralized, observed
pN*A2 matching outcomes
NKlogT
0 ( Agg ) Decentralized
Unique
NlogT
0 ( Aozg ) Centralized

Optimal stable
bandits
(Unique)

<Nlog T N Klog T)
A? A

Decentralized

Player-optimal

1 1/e
0 (Klog“"E T + Z(F) )

Decentralized

Decentralized, observed

0 (Kleng) matching outcomes
Decentralized
0 <N210gT + Klog T> Decentralized
A2 A

Player-optimal

(Nlog T N Klog T)
A? A

Centralized
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Other setting variants

* Many-to-one matching markets

* Strategic behaviors

e Contextual information and indifferent preferences
* Non-stationary preferences

* Two-sided/multi-sided unknown preferences

* Markov matching markets

* Multi-sided matching markets



Open problems

* How about O(loglogT)?

* How to guarantee strategy-proofness when players have more freedom?
* The player needs to determine not only which ‘optimal arm’ to report

* How to generalize the setting and what is the optimal regret in these
settings?
 How to deal with players’ indifferent preferences?
* How to utilize the contextual information to accelerate the learning efficiency?
* How to handle asynchronous agents?

* Maximum matching VS. Stable matching?



Thanks! >huai Li

 Associate professor at
& Shanghai Jiao Tong University
* Research interests: RL/ML Theory

Qu est | ons ? * Personal website: https://shuaili8.github.io/
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